Let S(G σ ) be the skew-adjacency matrix of the oriented graph G σ on order n and λ 1 , λ 2 , . . . , λ n be all eigenvalues of S(G σ ). The skew-spectral radius ρ s (G σ ) of G σ is defined as max{|λ 1 |, |λ 2 |, . . . , |λ n |}. In this paper, we determine all the oriented bicyclic graphs whose skew-spectral radii do not exceed 2.
Introduction
Let G be a simple graph with n vertices. The adjacency matrix A = A(G) is the symmetric matrix [a ij ] n×n , where a ij = a ji =  if v i v j is an edge of G, otherwise a ij = a ji = . We call det(λI -A) the characteristic polynomial of G, denoted by φ(G; λ). Since A is symmetric, its eigenvalues λ  (G), λ  (G), . . . , λ n (G) are real, and we assume that λ  (G) ≥ λ  (G) ≥ · · · ≥ λ n (G). We call ρ(G) = λ  (G) the adjacency spectral radius of G.
The class of all graphs G whose largest (adjacency) eigenvalue λ max (G) is bounded by  has been completely determined by Smith . In the paper [], the first three bicyclic graphs on order n in terms of their larger spectral radii were determined.
The graph obtained from a simple undirected graph by assigning an orientation to each of its edges is referred to as the oriented graph. Let 
The skew-spectral radius and the skew-characteristic polynomial of G σ are defined respectively as
We denote by D(G) the set of all the oriented graphs obtained from G by giving an arbitrary orientation to each edge. Recently, much attention has been devoted to the skewadjacency matrix of an oriented graph. In , Shader and So [] investigated the spectra of the skew-adjacency matrix of an oriented graph. And in , Adiga et al. [] discussed the properties of the skew-energy of an oriented graph. In the papers [, ], all the coefficients of the skew-characteristic polynomial of G σ in terms of G were interpreted. Cavers et al.
[] discussed the graphs whose skew-adjacency matrices are all cospectral and the relations between the matchings polynomial of a graph and the characteristic polynomials of its adjacency and skew-adjacency matrices. In [] , the author established a relation between ρ s (G σ ) and ρ(G). Also, the author gave some results on the skew-spectral radii of G σ and its oriented subgraphs. In the paper [], the oriented graphs whose skew-spectral radii do not exceed  were investigated. In , Chen et al.
[] ordered all the oriented unicyclic graphs with n vertices whose skew-spectral radii are bounded by . A connected graph in which the number of edges equals the number of vertices plus one is called a bicyclic graph. In this paper, we will determine all the oriented bicyclic graphs whose skew-spectral radii do not exceed . The rest of the paper is organized as follows. In Section , we introduce some notations and preliminary results. In Section , we give some earlier results on the oriented graphs whose skew-spectral radii do not exceed . In Section , we determine all the oriented bicyclic graphs whose skew-spectral radii do not exceed .
Preliminaries
Let G = (V , E) be a simple graph with a vertex set
is called an induced subgraph of G if two vertices of V (H) are adjacent in H if and only if they are adjacent in G. Denote by G -U, where U ∈ V (G), the graph obtained from G by removing the vertices of U together with all edges incident to them. Denote by G -e the subgraph obtained from G by deleting the edge e. We refer to [, , ] for more terminology and notation not defined here. Certainly, each subgraph of an oriented graph is referred to as an oriented graph and preserves the orientation of each edge.
Recall that the skew-adjacency matrix S(G σ ) of any oriented graph G σ is Hermitian, then the well-known interlacing theorem for Hermitian matrices applies equally well to oriented graphs; see, for example, Theorem .. of [] .
Lemma . Let G σ be an arbitrary oriented graph on n vertices and V ⊆ V (G). Suppose 
where the first summation is over all the vertices in N(u) and the second summation is over all even cycles of G containing the vertex u. 
3 Some earlier results on the oriented graphs whose skew-spectral radii do not exceed 2
Before proving the main theorems, we introduce some earlier results. By Lemmas . and . or the papers [, ], for a given graph G containing a cycle C m , we know that the skew-spectral radius of G σ is independent of its orientation if m is odd. Therefore we will briefly write G instead of the normal notation G σ if each cycle of G is odd. If m is even, then essentially there exist two orientations σ  (the sign of the even cycle is positive) and σ  (the sign of the even cycle is negative) such that
. Henceforth we will briefly write G -(or G + ) instead of G σ if the sign of each even cycle is negative (or positive).
In particular, G will also denote the oriented graph if G is a tree since
Firstly, we give a class of oriented graphs whose skew-spectral radii do not exceed .
Denote by P l  ,l  ,...,l k a pathlike graph, which is defined as follows: we first draw k (≥ ) paths P l  , P l  , . . . , P l k of orders l  , l  , . . . , l k respectively along a line and put two isolated vertices between each pair of those paths, then add edges between the two isolated vertices and the nearest end vertices of such a pair of paths so that the four newly added edges form a cycle C  , where
, the two end vertices of the path P l i are referred to as overlap; if l  =  (l k = ), the left (right) of the graph P l  ,l  ,...,l k has only two pendent vertices. Obviously, P , = K , , the star of order , and
Then we have the following.
Lemma . ([])
Let P l  ,l  ,...,l k (k ≥ ) be a pathlike graph described as above. Then
Moreover,  is an eigenvalue of P
Now, we introduce more notations. Denote by T l  ,l  ,l  the starlike tree with exactly one vertex v of degree , and
Due to Smith, all undirected graphs whose (adjacency) spectral radii are bounded by  are completely determined as follows. 
On C  -free oriented graphs, we have the following. 4 The oriented bicyclic graphs whose skew-spectral radii do not exceed 2
In this section, we determine all the oriented bicyclic graphs whose skew-spectral radii do not exceed . Let B  = {G σ |G is a bicyclic graph and ρ s (G σ ) ≤ },
The main purpose of this paper is to determine the set B  . Obviously, B  = B  ∪ B  . By Lemma ., we immediately have the following result on the set B  . Proof We will complete the proof by considering following cases.
Case . q = .
We consider the graph ∞ 
On the other hand,
But we know a + b is even. Then 
. Now, we consider the following two cases. Firstly, we can suppose
. Now, we consider the following three cases.
On the other hand, 
Denoted by G  is the graph obtained from θ ,, by identifying u  with x l (or v if l = ) of T ,,l . Suppose that G  is the graph obtained from θ ,, by joining u  to a pendent vertex of P  , and G  is the graph obtained from θ ,, by joining u  to an isolated vertex. 
Suppose now that l ≥  and the result is true for the order no more than l. Then we have
Now, we will prove ρ s (G σ  ) = . Firstly, we have
Then  is an eigenvalue of G  . Also, by Lemma ., we have By this theorem, we immediately obtain the following sharp lower bound on the skewspectral radii of oriented bicyclic graphs.
Corollary . Let G
σ be an oriented bicyclic graph on order n and n ≥ . Then ρ s (G σ ) ≥ .
